Abstract. We characterize the canonical algebras such that for all dimension vectors of homogeneous modules the corresponding module varieties are complete intersections (respectively, normal). We also investigate the sets of common zeros of semi-invariants of positive degree in considered cases. In particular, we show that for big enough vectors they are complete intersection and calculate the number of their irreducible components.
Throughout the paper k denotes a fixed algebraically closed field. By N and Z we denote the sets of nonnegative integers and integers, respectively. Finally, if i, j ∈ Z, then [i, j] = {l ∈ Z | i ≤ l ≤ j}.
Introduction and main result
Canonical algebras were introduced by Ringel in [26, 3.7] (for a definition see also 1.1). A canonical algebra Λ depends on a sequence (m 1 , . . . , m n ), n ≥ 3, of positive integers greater then 1 and on a sequence (λ 3 , . . . , λ n ) of pairwise distinct nonzero elements of k. In this situation we say that Λ is a canonical algebra of type (m 1 , . . . , m n ). The canonical algebras play a prominent role in the representation theory of algebras (see for example [15, 18, 22, 28] ).
Let Λ be a canonical algebra. For each element d of the Grothendieck group of Λ one defines a variety mod Λ (d) called the variety of Λ-modules of dimension vector d (see 2.1). The study of varieties of modules is an important and interesting topic in the representation theory of algebras (for some reviews of results see for example [9, 16, 19] ). In [5] Skowroński and the author proved that if Λ is a tame canonical algebra and d is the dimension vector of an indecomposable Λ-module, then mod Λ (d) is a complete intersection with at most 2 irreducible components. The module varieties over canonical algebras were also studied by Barot and Schröer in [3] .
We call a module regular if it is periodic with respect to the action of the Auslander-Reiten translate. It was proved in [4] that the varieties mod Λ (d) are normal (respectively, complete intersections) for all dimension vectors d of regular Λ-modules if and only if A special type of regular modules are homogeneous ones, which are invariant with respect to the action of the Auslander-Reiten translate. The first result of the paper is the following. Theorem 1. Let Λ be a canonical algebra of type (m 1 , . . . , m n ).
(1) The varieties mod Λ (d) are complete intersections for all dimension vectors d of homogeneous Λ-modules if and only if
(2) The varieties mod Λ (d) are normal for all dimension vectors d of homogeneous Λ-modules if and only if 
In this case the considered algebras are wild and d is the dimension vector of a homogeneous module if and only if d = ph for some p, where h is the dimension vector with all the coordinates equal to 1.
We take a closer look into the boundary situation.
Theorem 2. Let Λ be a canonical algebra of type (m 1 , . . . , m n ) with
and let m be the least common multiplicity of m 1 , . . . , m n .
(1) If m divides p, then mod Λ (ph) is a complete intersection with exactly two irreducible components.
For each d a product GL(d) of general linear groups acts on the variety mod Λ (d) (see 2.1). This action induces an action on the ring of regular function on mod Λ (d) (see 3.1). It is known that only the constant functions are invariant with respect to this action, however the ring of semi-invariants has a richer structure (see for example [17, 25, 30] ). In particular, rings of semi-invariants arising for regular modules over canonical algebras were studied [13, 14, 29] .
In connection with investigating rings of semi-invariants one may also ask about properties of the sets Z(d) of common zeros of semiinvariants of positive weight. This line of research (in the context of module varieties) was initiated by Chang and Weyman ( [10] ) and then continued by Riedtmann and Zwara ( [23, 24] ). The main result of the paper concerns this topic. 
then there exists N such that for p ≥ N, Z(ph) is a complete intersection with
Precise values of N for various cases can be found in Propositions 4.1, 4.2, and 4.5.
The paper is organized as follows. In Section 1 we present definition and necessary facts on canonical algebras, and in Section 2 we prove Theorems 1 and 2. Next in, Section 3 we collect facts on semiinvariants, which in Section 4 are used in the proof of Theorem 3.
For background on the representation theory of algebras we refer to [1, 2] . Basic algebraic geometry used in the article can be found for example in [21] . Author gratefully acknowledges the support from the Polish Scientific Grant KBN No. 1 PO3A 018 27 and the Schweizerischer Nationalfonds. The research leading to the results presented in this paper was started while the author held a one year post-doc position at the University of Bern.
1. Preliminaries on canonical algebras 1.1. Let m = (m 1 , . . . , m n ), n ≥ 3, be a sequence of integers greater than 1 and let λ = (λ 3 , . . . , λ n ) be a sequence of pairwise distinct nonzero elements of k. We define Λ(m, λ) as the path algebra of the bound quiver (∆(m), R(m, λ)), where ∆(m) is the quiver
and R(m, λ) is the set of the following relations
The algebras of the above form are called canonical. In particular, we call Λ(m, λ) a canonical algebra of type m. If m and λ are fixed, then we usually write Λ and (∆, R), instead of Λ(m, λ) and (∆(m), R(m, λ)), respectively. In addition, if this is the case, then we denote by ∆ 0 the set of vertices of ∆. From now till the end of the section we assume that Λ = Λ(m, λ) is a fixed canonical algebra. The following invariant
controls the representation type of Λ (see [26] ). Namely, Λ is tame if and only if δ ≤ 0. Moreover, Λ is domestic if and only if δ < 0.
1.2. By a representation of the bound quiver (∆, R) we mean a col-
The category of representations of (∆, R) is equivalent to the category of Λ-modules, and we identify Λ-modules and representations of (∆, R).
where we use convention that
, plays an important role in describing the representation theory of Λ. It is known (see [7, 2.2] ), that if M and N are Λ-modules, then
where following Bongartz [8] we write
1.4. Let h be the dimension vector with all the coordinates equal to 1, and
, where, for x ∈ ∆ 0 , e x is the dimension vector with x-th coordinate equal to 1 and all the remaining coordinates equal to 0, and
1.5. Let P (R, Q, respectively) be the subcategory of all Λ-modules which are direct sums of indecomposable Λ-modules X such that
We have the following properties of the above decomposition of the category of Λ-modules (see [26, 3.7] ). First, [N, M] = 0 and [M, N] 1 = 0, if either N ∈ R ∨ Q and M ∈ P, or N ∈ Q and M ∈ P ∨ R. Here, for two subcategories X and Y of the category of Λ-modules, we denote by X ∨ Y the additive closure of their union. Moreover, one knows that pd Λ M ≤ 1 for M ∈ P ∨ R and id Λ N ≤ 1 for N ∈ R ∨ Q. Secondly, R decomposes into a 
We need the following fact.
for some r ∈ N and
Proof. The first part follows immediately from the above description of P and the equality d, h
The second part follows by direct calculations.
1.7. The following inequality will be extremely useful in our proofs.
Moreover, the equality holds if and only if
hence the claim follows from the following equality
which was suggested to me by Professor Riedtmann.
Preliminaries on module varieties and proofs of Theorems 1 and 2
Throughout this section Λ is a fixed canonical algebra of type m and ∆ is its quiver.
For
We identify the points M of mod Λ (d) with Λ-modules of dimension vector d by taking
The orbits with respect to this action correspond bijectively to the isomorphism classes of Λ-modules of dimension vector d.
One knows that if
are open subsets of mod Λ (d) (see [4, Lemmas 3.7 and 3.8]). Together with the properties of the categories P, R and Q listed in 1.5, it implies that we can apply the results of [4, Section 4] with X = P and Y = R ∨ Q. 
We will also need the following consequence of the proof of [4, Proposition 4.5]. 
for each p ≥ 1 and d ∈ P such that d 0 ≤ p. According to Proposition 2.2.1(1), this implies that mod Λ (ph) is a complete intersection. Analogously, we prove that mod Λ (ph) is normal if
since in this case δ < 1 and the second inequality in the above string is strict for d = 0. It remains to prove that if
then there exists p such that mod Λ (ph) is not a complete intersection (normal), or in other words, there exists d ∈ P (d = 0) such that
A construction of such p and d is suggested by Lemma 1.7. Let p = m 1 · · · m n and d be given by the formulas
, what finishes the proof.
We prove now Theorem 2. Assume that
and p > 0. We already know that mod Λ (ph) is a complete intersection. Moreover, according to [4, Proposition 4.9] it is normal if and only it is irreducible. Thus our task it to classify the irreducible components of mod Λ (ph). According to Proposition 2. 
Preliminaries on semi-invariants
Throughout this section Λ = Λ(m, λ) is a fixed canonical algebra, and ∆ = ∆(m). Moreover, we put By a weight we mean a group homomorphism σ : Z ∆ 0 → Z. We identify the weights with the elements of the group Z ∆ 0 in the usual way. If σ is a weight, then we define the weight space
One knows that SI[mod Λ (d)] 0 = k. The set Z(d) of common zeros of homogeneous semi-invariants with non-zero weights is called the zero set of semi-invariants.
3.2.
We recall now a construction of semi-invariants described in [14] (being a generalization of a construction of Schofield [27] -compare also [11, 12] ). Let M be a Λ-module of projective dimension at most 1, and let N) , is well-defined and is a homogeneous semi-invariant of weight − dim M, − . Moreover, d [29] (in case of characteristic 0) and in [14] (in case of arbitrary characteristic). We list now their properties which are crucial for our investigations.
The following consequence of the above proposition will be crucial for us.
Moreover, if p ≥ n − 1 and
We note that always Z(ph) ≥ a(d) − |m| − p − 1 + n, since in the situation considered in Corollary mod Λ (ph) is a complete intersection of dimension a(d).
3.4. For a full subcategory X of the category of Λ-modules and a dimension vector d we consider the set X (d) of all M ∈ mod Λ (d) such that M ∈ X . We formulate the following well-known fact.
is an open subset of R(ph). In particular, dim R ′′ (ph) = a(ph).
Proof. Let M ∈ R. Then M ∈ R ′′ if and only if Hom Λ (R i,j , M) = 0 for all i ∈ [1, n] and j ∈ [0, m i − 1], which implies the first part of the lemma. The second part is an immediate consequence of the wellknown fact that R(ph) is an irreducible set of dimension a(ph) (see for example remarks after [4, Lemma 3.7] ).
We will need the following properties of the set
′′ , X, q and p be as above, and
Proof. The claim follows from [4, Corollary 3.4 ]. Indeed
in notation of [4, 3.4] . Moreover, according to [4, Lemma 3.8]
Further, by well-known formula for the dimension of O(X) (see for
In addition, for any 
